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Given a linear dynamical system, we investigate the linear infinite dimensional system obtained by
grafting an age structure. Such systems appear essentiallyt in population dynamics with age structure
when phenomena like spatial diffusion or transport are also taken into consideration. We first show
that the new system preserves some of the wellposedness properties of the initial one. Our main result
asserts that if the initial system is null controllable in a time small enough than the structured system
is also null controllable in a time depending on the various involved parameters.

More precisely, let A : D(A) → X be the generator of the C0 semigroup S on the Hilbert spaceX
and let U be another Hilbert space. Both X and U will be identified with their duals. Let B be
a (possibly unbounded) linear operator from U to X, which is supposed admissible control operator
for S. In the examples we have in mind, the above spaces and operators describe the dynamics of a
system without age structure. In particular, X is the state space and U is the control space. The
corresponding age structured system is obtained by first extending these spaces to

X = L2(0, a†;X), (0.1)

U = L2(0, a†;U), (0.2)

where a† > 0 denotes the maximal age individuals can attain. Let p(t) ∈ X be the distribution density
of the individuals with respect to age a > 0 and at some time t > 0. Then the abstract version of the
Lotka-McKendrick system to be considered in this paper writes:

∂p

∂t
+
∂p

∂a
−Ap+ µ(a)p = 1(a1,a2)Bu, t > 0, a ∈ (0, a†),

p(t, 0) =

∫ a†

0
β(s)p(t, s) ds, t > 0,

p(0, a) = p0,

(0.3)

where 1 is the characteristic function of the interval (a1, a2) with 0 6 a1 < a2 6 a† and p0 is the initial
population density. In the above system, the positive function µ : [0, a†] → R+ denotes the natural
mortality rate of individuals of age a. We denote by β : [0, a†] → R+ the positive function describing
the fertility rate at age a. We assume that the fertility rate β and the mortality rate µ satisfy the
conditions

(H1) β ∈ L∞(0, a†), β > 0 for almost every a ∈ (0, a†).
(H2) µ ∈ L∞[0, a∗] for every a∗ ∈ (0, a†), µ > 0 for almost every a ∈ (0, a†).

(H3)

∫ a†

0
µ(a) da = +∞.

For more details about the modelling of such system and the biological significance of the hypotheses,
we refer to Webb [9].

Before we state our main result, let us introduce the notion of null controllability of the pair (A,B).
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Definition 0.1. We say that a pair (A,B) is null-controllable in time τ, if for every z0 ∈ X there
exists a control u ∈ L2(0, τ, U) such that, the solution of the system

ż(t) = Az(t) +Bu(t) t ∈ [0, τ ], z(0) = z0,

satisfies z(τ) = 0.

The main result of this paper is:

Theorem 0.2. Assume that β and µ satisfy the conditions (H1)-(H3) above. Moreover, suppose that
the fertility rate β is such that

β(a) = 0 for all a ∈ (0, ab), (0.4)

for some ab ∈ (0, a†) and that a1 < ab. Let us assume that the pair (A,B) is null controllable in time
τ > τ0, with

0 6 τ0 6 τ , τ = min{a2 − a1, ab − a1}. (0.5)

Then for every τ > a1 + a† − a2 + 2τ0 and for every p0 ∈ X there exists a control v ∈ L2(0, τ ;U) such
that the solution p of (0.3) satisfies

p(τ, a) = 0 for all a ∈ (0, a†). (0.6)

This result can be seen as a generalization of those obtained in [2, 3, 1, 7, 8] in the case when A is an
elliptic operator with Neumann or Dirichlet homogeneous boundary conditions or in Ainseba et al. [4],
Boutaayamou et al.[5] or Fragnelli [6] when A is a degenerate elliptic operator. Our approach applies,
besides the above mentioned examples, to operators A such that the systems without age structure
describes fractional diffusion, transport phenomena or even Schrödinger type dynamics, with internal
or boundary control.

The proof of the above theorem relies on final time observability of the adjoint system. This
consists of combining characteristics method with final state observability of the pair (A∗, B∗), with
no reference to the methodology employed to prove this observability result for the system without
age structure. This idea was already used in [8] where A was second order elliptic differential operator
and B was interior control operator.

References

[1] B. Ainseba, Exact and approximate controllability of the age and space population dynamics structured model, J.
Math. Anal. Appl., 275 (2002), pp. 562–574.
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