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This talk is concerned with the diffusive Hamilton-Jacobi equation
ut −∆u = |∇u|p (x, t) ∈ Ω× (0, T )

u = 0 (x, t) ∈ ∂Ω× (0, T )

u(x, 0) = u0 x ∈ Ω

in the superquadratic growth regime, say p > 2, for a bounded domain Ω and a
given continuous initial condition u0.

It has been understood, in the recent years, that this equation shows very
peculiar phenomena when p > 2, due to the competition between second order
and first order terms. In particular, it is known that classical solutions may
not exist globally in time, due to gradient blow-up, which can only occur at
the boundary ([2]). One of the effects of the boundary gradient blow-up is the
possible loss of the prescribed boundary condition ([1]). However, in long time
the solution will become smooth again, recovering the boundary condition and,
eventually, converging to zero ([3]). When and how shall we expect the gradient
blow-up to happen and, in particular, to cause loss of the boundary condition?
And how shall we expect the solution to recover from this relaxed behavior and
return to smoothness? Jointly with Philippe Souplet, we give some answers
to those questions, which involve the blow-up (and smoothness recovery) rate,
the evolution of the boundary behavior and, after all, a precise description in
one-dimensional cases ([4], [5]).
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